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An investigation has been made on a non-linens analog computer of 
unsteady heat uansfer by radiation in a system of coaxial cylinders 
simulating the heating of the load component, the muffle, and the 
lining of a vacuum induction furnace. 

An investigation of unsteady heat t ransfer  by radia-  
tion in a system of coaxial cylinders has been conduc- 
ted in connection with development of a ser ies  of 
powerful, low-inert ia vacuum heating furnaces. The 
purpose of the furnaces is oxygen-less,  rapid heating 
of thin-walled metal components during heat t rea t -  
ment, with thorough and flexible control of conditions 
according to a program,  in a wide range of tempera-  
ture (up to 1500 ~ K and above). 

Direct induction heating of components was not used 
because of their  asymmetr ica l  shape and the very  
exacting demands as regards uniformity of tempera-  
ture distribution. It therefore proved necessary  to 
introduce a "buffer w element--a cylindrical muffle of 
heat-stable alloy (Fig. 1), located in the axially sym-  
metr ic  electromagnetic field of an inductor. Both 
the electromagnetic equipment and the items to be 
controlled in this kind of furnace differ appreciably 
from the ordinary heating furnaces in having low in- 
ertia,  due to the fact that the heat capacity of the 
component, the muffle, and the heat insulation are 
about equal. The basic problem in the theory of these 
furnaces is the investigation of the kinetics of heating 
with various combinations of the physical and geomet-  
r ical  combinations of all the items participating in the 
heat t ransfer .  It is also important to determine the 
optimum heat balance, since the power of the furnace 
is in the hundreds of kilowatts. 

The investigation of heat t ransfer  by radiation 
between several  bodies over a wide temperature range 
is a substantially non-l inear problem, and there are  
no effective analytical methods of solving it. There  ~ 
fore the final calculations for the furnace were made 
by approximate numerical methods using a computer,  
while a prel iminary analysis of the beating conditions 
and synthesis of the control schemes was done ac-  
cording to the results of modeling. Since it is very 
difficult to retain the physical nature of the process  
under examination while modeling with dummies,  and 
comparison with actual furnaces of different power 
levels permitted only crude est imates to be made, our 
work was based mainly on modeling, based on the 
analogy between thermal and electr ical  phenomena. 

In constructing a model the following simplifica- 
tions were made: 

1. A component of complex shape was replaced 
by an equivalent cylinder, to which was attributed 

the physical parameters  and the mean geometrical  
dimensions of the actual item. 

2. It was assumed that all axial dimensions were 
considerably la rger  than the radial dimensions, which 
allowed us to neglect edge effects, and to consider 
that the radiative heat flux was directed only along the 
radii. 

3. The component and the muffle are thin-walled, 
which allows us to neglect the temperature drop 
through them. 

4. The component and the muffle are made of an 
alloy for which we need not take into account tempera-  
ture dependence of thermophysical  propert ies,  and 
can assume constant values for the whole temperature  
range used. 

5. The lining was divided into several  layers  within 
each of which the temperature  is regarded as uni- 
formly distributed; for  this reason the differential 
equation of heat conduction in partial derivatives was 
reduced to a system o f  ordinary differential equations 
(the method of straight lines). The valu~es of the ther-  
mophysical  parameters  of the lining were determined 
by three successive approximations. In the f i rs t  ap- 
proximation, room temperature  values of the param-  
eters  were assumed for all the layers.  In the next two 
approximations, the values assumed for each layer  
were those corresponding to the mean temperature  in 
the layer,  as determined by modeling the heating pro-  
cess in the previous approximation. 

Thus, the substitution scheme for the furnace con- 
sists of n + 2 coaxial cylinders: the component 1, the 
muffle 2, and n layers of lining. Heat t ransfer  by 
radiation according to the Stefan-Boltzmann law for 
gray bodies occurs between the component, the muffle, 
and the inner layer  of the lining, while heat t ransfer  
by conduction occcurs  between the layers of the lining. 
Joule heating is generated only in the muffle (which 
practical ly completely screens the component from 
the action of the electromagnetic field). 

The energy t ransfer  is described by a system of non- 
linear differential equations 

or, 
C i - = - - - = q e m . i - 4 x q ~ - - l . , - ~ q i + l . ~ ,  i = 1 , 2  . . . . .  n + l ,  (1) OT 
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Fig. 1. The induction vacuum heat ing furnace  and 
a c r o s s  sect ional  view: 1) the component  to be 
heated; 2) the muffle; 3) l ayer  of lining; I) induc- 

tor;  C) case .  
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Fig. 2. Solution scheme of the modeling algorithm. The outputs to 
the recording instruments are shown by arrows. The triangles de- 
note integrating elements, and the rectangles denote non-linear 

elements. 
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C i = ~ Dsl 6ipiCi,  (4) 

~i--'l, i = YS, i - - 1 =  ~ O s - 1  l G x 

[ (' •  - - - 1  - = - - .  (5) 
~i 

~ i - - 1 ,  ~ = ~S, S--1 = J~ D~-I l L/gi. ( 6 )  

The boundary  condit ions are:  the net flux of t h e r -  
ma l  r ad ia t ion  to the inside sur face  of the component  
(which fo rms  a closed shell)  is  zero  because  of s y m -  
me t ry ,  i . e . ,  q0, ~ = 0; the ou te r  l aye r  of the l in ing  has 
the t e m p e r a t u r e  of the inductor ,  which is water -cooled ,  

i. e . ,  Tn+ 2 = T in  d = const.  
The  in i t ia l  condit ions are:  at the f i r s t  hea t ing  the 

t e m p e r a t u r e s  of a l l  the i tems a re  the same; upon r e -  
peated heat ing the in i t ia l  t e m p e r a t u r e  d i s t r ibu t ion  is 
nonuni fo rm (it is de te rmined  f rom the r e su l t s  of 
model ing  of the hea t ing  and cooling p roce s s  in the 
prev ious  cycle). 

In the analog compute r  the dependent  v a r i a b l e s  a re  
the t e m p e r a t u r e s  T of the i t ems  and the heat  fluxes 
q - - r e p r e s e n t e d  by e l e c t r i c a l  potent ia ls  u and v, while 
the independent  va r i ab le  is T - - r e p r e s e n t e d  by com-  
pu te r  t ime  ,~. The va r i ab l e s  d e t e r m i n i n g  the p r o c e s s e s  
in the model  and in its analog a re  re la ted  by the scale  
fac tors  

u t = S r T i ,  v i _ l , i = S q q t _ l . i ,  I } = S , T .  (7) 

Fol lowing in t roduct ion  of the compute r  va r i ab l e s ,  
the sys t em (1)-(3) takes  the form 

Ou----L = At  (Veto.i+ v~-l. t + vt+L i), i = 1, 2, ..., n + 1, ( la)  
O9 

= i Sqqem.~, i = 2 (2a) 
Vem'i t 0 , i=fi2 ' 

US--l, i ~ - -  Ui, i--1 

4 u~), i 1,2,3 =~ rs-,, ~ (ut-~-- = (3a) / B i - l , i ( u l - l - - u 3 ,  i = 4 , 5  . . . .  , n @  2 
t~ 

where 
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As = Ci Sq S ,  ' B~:I ,  i = ~i-1.  i - ~ r ,  r t -1 .  i = Yi-1, L S~. ' 

AiBi-1 .  i = ~ i - l d  = zs-1, i = h .  s - l ,  At  rt-z. t = k~-l. i M, 
Q S ~  

1 % - 1 .  i ~= tes_l, s = ki ,  i - 1"  
M = S~ S~- ' C~ 

The scheme of solut ion of this  sys t em is shown in 
Fig.  2. F o r  each of the f i r s t  th ree  i tems-Zthe com-  
ponent,  the muffle,  and the inside l a y e r  of the l in ing- -  
the c i rcu i t  cons i s t s  of two uni ts :  an in tegra t ing  and 
a n o n - l i n e a r  uni t  ( in which the va r i ab le  u i is r a i s ed  
to the fourth power),  while for the succeeding l aye r s  
of the l in ing  the re  a re  only in tegra t ing  e lements �9  In 
the event  that a combined t h e r m a l  insu la t ion  s y s t e m  
is used,  cons i s t ing  of s c r e e n s  as wel l  as the l in ing 
(one of the modif ica t ions  of the furnaces) ,  addi t ional  
c i r cu i t s  a re  included i n t h e  solut ion scheme,  with 
in tegra t ing  and n o n - l i n e a r  uni ts  (according  to the 
n u m b e r  of sc reens) .  The group of equat ions  and the 
solut ion scheme form a model ing  a lgor i thm,  which we 
r ega rd  as a gene ra l  so lut ion of the c l a s s  of p rob lem 
be ing  examined.  P a r t i c u l a r  solut ions  a re  obtained 
a f te r  i n s e r t i n g  the coeff ic ients  k and x into the com-  
puter ,  co r re spond ing  to specif ic  va lues  of the phys ica l  
and geomet r i ca l  p a r a m e t e r s  of the i tems.  

As an example,  Fig.  3 shows typical  curves ,  ob-  
ta ined dur ing  mode l ing  of a heat ing p r o c e s s  in a 500 
kW furnace.  The  component  was a me ta l  cy l inde r  of 
wall  th ickness  61 = 3 �9 10 -3 m and d i a m e t e r  D 1 = 1.15 m; 
dens i ty  Pl = 7.8 �9 103 kg/m3; specific heat  c 1 = 635 J /kg"  
, degree.  The muffle was a cy l inder  with wall  th ickness  
52 = 1.5 �9 10 -3 m and d i a m e t e r  D~ = 1.25 m; dens i ty  
P2 = 7.8 .-103 kg/m3; specif ic  heat  c 2 = 635 J / k g .  degree.  
The l in ing  had in t e rna l  d i a m e t e r  D~ = 1.45 m and was 
divided into 5 l aye r s ,  each of th ickness  6 i = 13 �9 10 -3 m; 
i ts  specific heat  was c 3 = (814 + 230 �9 10 -3 Tm) J / k g .  
�9 degree;  its t h e r m a l  conduct ivi ty  was X = (0.22 + 2.55 �9 
�9 10 -4 Tm) W/re.  degree;  i ts  dens i ty  was P3 = 1000 k g / m  3. 
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Fig. 3. Var ia t ion  of the t e m p e r a t u r e s  of 1) the muffle, 
2) the component ,  and 3) the inner  sur face  of the l in -  

ing. T i n ~  u 1 = 2 . 0 r a i n ;  u 2 = 2 . 3 .  
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After investigation of a number of variants,  it was 
established that the optimum is as follows: begin 
heating at constant specific power qem = 3.2 �9 104 W/m ~ 
until the muffle reaches the assigned temperature of 
T = 1520 ~ K, and then hold it at this temperature with 
automatic control of the power generated. A charac-  
ter is t ic  feature of the f i rs t  stage is a sharp decrease 
of the rate of heating of the muffle at temperatures  
when the net radiation density {from both surfaces) 
approaches the specific power of the induced current. 
Following some slowing down, the rate of heating of 
the muffle again increases,  due to the fact that the 
temperatures  of the component and of the lining grad- 
ually increase,  and their  effective radiation begins to 
have an appreciable influence on the heat t ransfer  
balance. In the final stage the temperatures  of the 
component and of the muffle encircling it become close 
together, and the heating proceeds as if they were 
one item with the heat capacity of their sum. 

At the start  of heating the power is approximately 
twice as great as at the end. With increase of this 
ratio (of initial to final power) the installed power 
of the furnace increases,  but the duration of the pro-  
cess is essentially not shortened, since even when 
the muffle momentari ly attains its working tempera-  
ture,  the heating rate of the component cannot exceed 
the limit imposed by the thermophysical and geomet- 
r ical  parameters .  Decrease of the initial power leads 
to lengthening of the heating process,  which is un- 
favorable on technical grounds. 

Cooling of the component and of the furnace takes 
place in vacuum down to a temperature at which oxida- 
tion of the metal  can no longer occur when air  is ad- 
mitted into the chamber. The radiation heat t ransfer  
is evidently described in this case also by the system 
{1)-(3), under the condition that qem = 0. .The duration 
of the cooling in a typical case may be gauged from 
Fig. 3. 

Modeling on analog computers is a very effective 
means of investigating the influence of individual ele- 
ments on the dynamic character is t ics  of e lec t ro- ther-  

real equipment and of solving problems concerning the 
make-up of furnaces and of automatic control sys-  
tems. The t ransfer  and frequency character is t ics  may 
be obtained and analyzed directly after setting up the 
next variant of the parameters  of the solution scheme 
(and when the solutions are made periodic [1]--during 
the modeling process}. In particular,  the time constant 
of the charged furnace is easily evaluated from the 
response of the output signal to a step in voltage--the 
analog of the generated power. Due ",o nonlinearity of 
the t ransfer  equations, the time constant v depends 
appreciably on the control level, increasing with r e -  
duction of temperature (Fig. 3). Further  investigation 
of the dynamic character is t ics  of the furnace as a 
muRi-capacitance control item indicates that the be- 
ginning of the transit ion process  is determined by the 
parameters  of the muffle, while its final stage is de- 
termined by the totality of the parameters  of all ele- 
ments of the system. 

NOTATION 

T is the absolute temperature; r is the time; v is 
time constant; qi-l , i  is the density of net heat 
flux from item i - 1 to item i; qem is the specific power 
of the induced currents  (referred to unit area}; C is 
the heat capacity; c is the specific heat; X is the ther-  
mal conductivity; p is the density; e is the emissivity; 
a is the Stefan-Boltzmann constanti i is the length; D 
is the diameter; ~ is the wall thickness; u and v are 
electr ical  voltages--the analogs of temperature and 
heat flux density; ~ is the computer time; S is the scale 
factor. 
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